Introduction
This article is concemed with the question of which elements in the cohomology ring of a connected, complex, projective, n-dimensional manifold Y are fundamental classes of algebraic cycles. The cycle class map is well known to be surjective when p = 1 or n -1. Although the "Hodge conjecture" [H] asserts that t/lp is surjective for all p, this remains very much in doubt. Recent attempts to verify this assertion in concrete, but non-trivial, specific cases have met with mixed results. The goal has been to find Y such that Hdp(Y) is large and then try to produce enough condimension p algebraic cycles to show that 03C8p is surjective. When Y is a Fermat hypersurface of dimension p ~ 0 mod 2, Hdp(Y) is generally large. Ran [R] and Shioda [S] have been able to show that t/lp is surjective in many instances. In contrast to these positive results, is the situation with abelian varieties. Let R be an order in a CM field, K, and let (Y, 0) be a p [K: Q] -dimensional abelian variety together with an embedding 0 : R ~ End(Y) which induces on H0(Y, 03A9Y) the structure of a free K (D C-module. If p &#x3E; 1, Weil [W] showed that HdP is not generally generated by products of divisors. For general varieties of this type, the image of 03C8p has remained mysterious.
In fact, this particular class of varieties has often been suggested as a good place to begin to search for a possible counterexample to the Hodge conjecture. A consequence of the results to be presented here is that the Hodge conjecture is true at a general point in moduli for at least one of these families. For other work on the Hodge conjecture for abelian varieties the reader is referred to [D-M] , [M] , [Ri] , [S2] , and [S3] .
In the first section of this paper we consider a Hodge structure on certain self-products of a curve with an automorphism, which is isomorphic to the Hodge structure studied by Weil when K is cyclotomic. This Hodge structure may be described via the representation of the automorphism group of the product variety on the cohomology. In fact the method also yields interesting Hodge classes on self-products of certain higher dimensional varieties. The next step is to produce algebraic cycles whose cohomology classes generate this Hodge structure. This is accomplished in Theorem 2.0 for a substantial, but by no means exhaustive, fraction of the Weil-type Hodge structures on products of curves. The proof involves an explicit and rather natural geometric construction. Finally, Theorem 2.0 is applied to verify the Hodge conjecture in the case of the Weil Hodge structure on abelian 4-folds with complex multiplication from the cyclotomic field of cube roots of one (Theorem 3.2) .
The reader who has many pressing obligations can most quickly get a feeling for the general flavor of the techniques in this paper by restricting attention to the case where the automorphisms have no fixed points. By initially adopting this somewhat narrow focus he or she may entirely dispense with the more technical considerations including all of §1 after the proof of (1.6a) and all of §2 following the paragraph which preceeds (2.3) with the exception of the first case in Lemma 2.6. This is sufficient to understand the proof of Theorem 2.0 in the special case r = 0. The final section concerning cycles on abelian varieties has been written so that it essentially depends only on this special case of Theorem 2.0.
Hodge classes
The purpose of this section is to introduce a particular Hodge substructure in the middle dimensional cohomology of certain self-products of complex projective manifolds. Although eventually attention shall be restricted to the case of Riemann surfaces, the initial considerations go through for certain higher dimensional manifolds without additional effort.
5 Let C be a complex, connected submanifold of projective space, m an integer greater than one, and 03C3: Z/m ~ Aut(C) an injective homomorphism.
Fix an integer k and let V denote the largest 7L/m-submodule of Hk (C, Q) with the property that V (8) C is a sum of weight spaces for primitive Z/m-characters. Then V is, in a natural way, a vector space over the cyclotomic field QCum) whose dimension will be denoted by h. In this paper it is further assumed that k is odd, k = dim C, V (D C has a two-step Hodge decomposition (i.e. V ~ C ~ Vp, Vk-p,p) Proof : Fix a primitive 7L/m-character X and let hi denote the multiplicity with which this character appears in the Z/m-module Hi(C, C). By standard character theory hi = m -1 LtEZ/m ~(-t) tr (03C3i(t)), where ai is the representation on Hi(C, C) induced by 03C3. Since we are assuming hi = h03B4ik and k is odd,
The fixed locus, C7(), is a compact submanifold whose normal bundle has a canonical complex structure. Thus the sign term, sgn(det(Id -Du)), in the Lefschetz fixed point formula [Gi, p. [H-Z, p. Po 03B20 W0 consists of m irreducible components. These components will in essence be the sought after algebraic cycles. Consider the morphism
The fiber ~-1 (0), which will be denoted P~, is a projective space of dimension h -q = q -2 + 2r (unless r = 0, in which case the dimension is q -1) which contains the q -1 dimensional linear space (empty if q = 0)
It is necessary to understand the branch locus of Po. This will be done by giving an explicit local description of 03B20 in a neighborhood of an arbitrary point of W0. To this end let X' -X -Supp(D), and denote by Pi: Ch ~ C (resp. pri : Xh ~ X) projection onto the ith factor. Note that y = 03A01ih y o pi e k(Ch) 
D
If r = 0, it is now a simple matter to construct the desired algebraic cycles. Let Po = P~ = P-~ C ,S'2q-2 X. Since Po is étale, Po splits into m connected components, one of which will be denoted Q. Associated to a primitive 7/m-character x is an algebraic cycle z~ = LtEZ/m x(-t)ô(t)*Q with coefficients in Q(03BCm) which satisfies 03B4(t)*z~ = X(t)zx. By (2.6) the highest Chern class of the normal bundle NP0/ShX ~ NQ/W0 does not vanish, so Q -z~ ~ 0. Thus the cohomology class of zx is non-trivial and lies in U Q Q~(03BCm). It is also evident that U Q Q~ (03BCm) It is not necessarily the case that the closed fiber of C is isomorphic to our original curve C. However, the Z/m-covers of X with a fixed associated mod m divisor class X aibi E (Div(X)/m)/(diagonal(Z/m)* action) are transitively permuted by the action of the m-torsion subgroup, Pic0(X) [m] .
Given such a cover obtained by taking an m'th root of a function f ' with divisor (fI) = X 03B1ibi + mD', we may find an m-torsion divisor class (D -D') and a function f with (f ) = X 03B1ibi + mD such that the cover associated to fl/m is the original cover 03C0: C -X. Using the well known fact that the specialization map Pic° (X) -Pic0(X) is an isomorphism on torsion prime to char. k, we may (and will) choose D so that the restriction of -x: C ~ X to the special fiber is the original covering n: C ~ X.
Consider the commutative diagram of specialization maps [F, 4.4] To construct a rational curve through a given point w E W0(C), consider the image x E S4X(C). The fiber 1 -(q(1)) is isomorphic to P3. There is a line in the fiber through x which meets the linear spaces S1 n S2 n ~-1(~(x)) and S3 n S4 n il (~(x) linear spaces S1 n S2 n ~-1 (~(x) ), ..., Ss-2 ~ Ss-1 ~ ~-1 (~(x) ). The normalization of 03B2-10 (~) can be ramified only over the points Ss n t and Ss-2 ~ Ss-1 ~ e. Any cover of Pb ramified in at most two points is rational.
Thus W0 is covered by rational curves. REMARK 2.12: (Extra automorphisms of curves) Let C be a smooth projective curve and 03C3: 7L/m -+ Aut(C) an embedding with associated invariant h = 2 and associated 2r-tuple simple. In this case the proof of Theorem 2.0 shows that the automorphism group of C is larger than Z/m. Since h = 2q -2 + 2r, (q, r) is one of the following three pairs: (0, 2), (1, 1) or (2, 0). In each case there is an involution of the quotient curve X which lifts to C. If q = 2, take the hyperelliptic involution. If q = 1, take the involution which switches the two branch points and has quotient P 1. When q = 0 there are four branch points. There is at least one involution of P which stabilizes the branch locus, leaves no branch point fixed and acts by multiplication by -1 on the associated element of (Z/m -{0})4. case the image of the graph of this involution in S2 X is the projective space which we have referred to as Po in the proof of (2.0). The m irreducible components of the pullback of P° in C2 are graphs of automorphisms. In fact, Aut(C) contains the dihedral group Dm (by convention D2 = Z/2 x Z/2). The elements of the non-trivial coset of im(03C3: Z/m ~ Dm ) give rise to the graphs lying over Po. Because the map Dm ~ Aut(Jac(C)) is injective, we have for m &#x3E; 2 a factorization where Q(J-Lm)+ denotes the maximal totally real subfield of the cyclotomic field. Thus Jac(C) contains two distinct isogenous abelian subvarieties with real multiplication. The fact that M2(Q(03BCm)+ is not a division algebra is consistent with the observation that our family of curves contains degenerate members whose Jacobians have multiplicative reduction. The degenerate curves are easily constructed as cyclic covers of singular curves, X. This peculiar geometric phenomenon is related to the following equally surprising fact concerning endomorphism rings of abelian varieties. Let F be a degree 2n CM-field which is contained in the endomorphism algebra of a 2n-dimensional complex abelian variety, A. Suppose that the action of F on Lie(A) makes the latter into a free rank one F (x) C algebra. Then the endomorphism algebra of A actually contains a quaternion algebra with center the maximal real subfield of F [Sh, Prop. 18] . REMARK 2.13: (Concerning fields of definition of cycles) Let C be a smooth projective geometrically irreducible curve defined over a field L. Suppose that L contains m distinct mth roots of unity, that there is an embedding a: Z/m -Aut(CL ), that the invariant h = -e(XL -BL ) is even, and that the associated 2r-tuple over L is simple. In addition we shall assume that the individual branch points are L-rational. With these assumptions 1 claim that the cycles produced on C' in the proof of (2.0) If no restrictions are placed on the rationality of the individual branch points other than that the branch divisor B be L-rational, then the above claim will not in general be true. Even the cohomology classes of the cycles will generally not be defined over L(tl/m).
3. An application to certain abelian varieties (A, Q) . Following Weil [W] (see also [G, §1] (A, f'A) is a free K 0 C module. In other words each 03C8i appears with multiplicity h/2 in the representation of K* on H1,0(A). We may then choose 0 3 C 9 ' j , 0 3 C 8 i to lie in H1,0(A) when j x h/2 and to lie in H0,1 (A) when j &#x3E; h/2. In this case U' ~ C has pure Hodge type (h/2, h/2). This construction generalizes to the case that K is an arbitrary CM field, but we shall ignore this. Now let (C, 03C3) be a smooth, irreducible, complex, projective curve together with an embedding a: Z/m ~ Aut(C). We shall be interested in the abelian subvariety B c Alb(C) whose tangent space is the subspace of TeAlb(C)H°( C, Qc)* where 71/m acts by primitive characters. More precisely, B is the image of the composition, P, of all elements Y-,cH (Id -t) E End(Alb(C)) as H ranges over the non-zero subgroups of Z/m. Since B has the correct sort of multiplication from K, U' c Hh(B, Q) is defined. In the notation of (1.4), U" = P*U', U = 039E*U". We can now state the following corrollary of (2.0). Proof: Let j: B ~ Alb(C) denote the inclusion. Then po j E End (B) is multiplication by a non-zero scalar. Thus it suffices to show that U" = P* U' 25 is generated by algebraic cycles. Recall the notation 039E: Ch -+ Alb(C) from (1.4) and write W for the cohomology class of the canonical polarization on Alb(C). Given a e H° (Alb(C), Q) the projection formula and Poincaré's formula [G-H, p. (A) &#x3E; 1, A will contain Z/m-stable smooth curves C disjoint from the fixed locus. In general it is too much to expect that the cycle classes constructed in (2.0) in the middle dimensional cohomology of some power of C will give rise to interesting cycle classes on A. One problem is that if C has large intersection number with an ample divisor on A, the correct power of C to take in (2.0) will be much larger than dim (A) .
Nonetheless it is true that (2.0) may be used to prove the Hodge conjecture at the general point in moduli for a few of Weil's families of abelian varieties provided both m and h are sufficiently small. We may get some idea as to how small these invariants must be by counting moduli. Suppose that A is a complex, polarized, abelian variety with a Z/m-action such that W (A, S2A) becomes a free 0(pm) (8) C module of rank h/2. The cotangent space to the space of those deformations of A to which the polarization and the group action lift is isomorphic to the Z/m-invariant subspace of Sym2H° (A, 03A9A) . This has dimension (~(m)/2) (h/2)2. On the other hand we may determine the number of moduli of pairs, (C, u) Proof: The reader is referred to [W] and [G, §1] So we could find a point q ~ p with L ~ OX(q -p). Since L~3 ~ (9x, there is some f ~ C(X) with div(f) = 3q -3p. The resulting degree 3 morphism f: X ~ P1 is branched above at most six points other than 0 and oo (Hurwitz) . Modulo the action of Aut((P1, {0, ~}) the branch locus is free to move in a 5-parameter family. But the moduli space for genus 3 curves has dimension 6. Hence a general genus 3 curve X can not be realized as a degree 3 cover of P1 which is totally ramified at two points. The base point freeness of the linear system H0(X, 2-1 ~ wx) for general X follows.
Thus for a general closed point o E N the tangent map To~ is surjective. This completes the proof that 9: N ~ 11/, and hence 03A6: B ~ A, is dominant. Now given an Abelian four-fold with complex multiplication (A, 0) satisfying the hypotheses of Theorem 3.2, choose a closed point w E 11/ and an isogeny j : A ~ Aw satisfying (3.3v). If w E im(ç) for some closed point o E N, the Hodge structure U' maybe regarded as a subspace of H4(Bo, Q).
In this case (3.2) follows from Corollary 3.1. Now suppose w e im(~). Choose an irreducible curve T c JV for which w E im ~(T) and write e for the generic point of T. Let 8' -8 correspond to a finite field extension with the property that cycles constructed in the proof of Theorem 2.0 on (b03B5)4 are rational over 8'. Let T' be a smooth curve with generic point e' which maps surjectively to im 9 (T) and write dr for the pullback of A to T'. Let w' E T' map to w. There is a specialization map CH2(A03B5') ~ CH2 (dw') [F] and a specialization isomorphism H4(A03B5, Qt (2)) H4(Aw', Q~(2)). 
